Abstract In this study, based on a new quantum integral identity, we establish some quantum estimates of Hermite-Hadamard type inequalities for convex functions. These results generalize and improve some known results given in literatures.
Introduction
Convex functions play an important role in mathematical inequalities [11] [12] [13] 16, 20, 29] . One of the most famous inequalities for convex functions is Hermite-Hadamard inequality, which is stated as follows: Let f : I ⊆ R → R be a convex function, where a, b ∈ I with a < b, then
This famous result can be considered as a necessary and sufficient condition for a function to be convex. Hermite-Hadamard inequality has drawn many researchers' interest, a variety of refinements and generalizations have been found (see for example, [1, 2, 4, 5, 7-9, 14, 15, 17, 18, 21-23, 28, 33] ).
In [20] ,Özdemir established the following lemma.
Lemma 1.1. Let f : I ⊂ R → R be a twice differentiable mapping on I 0 , a, b ∈ I with a < b and f be integrable on [a, b] . Then the following equality holds: In recent years, the topic of quantum calculus has attracted the attention of several scholars [10, 27] . Quantum calculus appeared as a connection between mathematics and physics. It has large applications in many mathematical areas such as number theory, special functions, quantum mechanics and mathematical inequalities [19, [24] [25] [26] . At present, q-analogues of many identities and inequalities have been established.
In [19] , Noor etc established the following lemma and developed some quantum estimates of it.
0 (the interior of I) with a D q be continuous and integrable on I where 0 < q < 1, then
(the interior of I) with a D q be continuous and integrable on I where
(the interior of I) with a D q be continuous and integrable on I where 0 < q < 1. If | a D q f | r is a convex function where p, r > 1,
The main purpose of this paper is to establish a new quantum integral identity similar to the one given in Lemma 1.1 and develop some quantum estimates of Hermite-Hadamard type inequalities for convex functions. Our results in special cases recapture Lemma 1.1 and Theorems 1.1-1.3.
Preliminaries
In this section, we first recall some previously known concepts on q-calculus which will be used in this paper.
Let J = [a, b] ⊆ R be an interval and 0 < q < 1 be a constant.
Definition 2.1 ( [26]
). Assume f : J → R is a continuous function and let x ∈ J. Then q-derivative on J of function f at x is defined as
We say that f is q-differentiable on J provided a D q f (x) exists for all x ∈ J. Note that if a = 0 in (2.1), then 0 D q f = D q f , where D q is the well-known q-derivative of the function f (x) defined by 26] ). Let f : J → R be a continuous function. We define the second-order q-derivative on interval J, which is denoted as a D
for x ∈ J. Note that if a = 0, then we have the classical q-integral, which is defined by
In addition, we introduce the q-analogues of a and (x − a) n and the definition of q-Beta function.
Definition 2.4 ( [10]
). For any real number a,
is called the q-analogue of a. In particular, for n ∈ Z + , we denote
Definition 2.5 ( [10] ). If n is an integer, the q-analogue of (x−a) n is the polynomial
is called the q-Beta function. Note that
where [t] is the q-analogue of t.
Some simple calculations
In this section, we present some simple calculations that will be used in this paper.
Lemma 3.1. Let f (x) = 1 in Definition 2.3, then we have
where 0 < q < 1 be a constant, then we have
.
where r ≥ 1 be a constant, then we have
where [r + 1], [r + 2] are the q-analogues of r + 1 and r + 2.
Proof. By using (2.5) and (2.8), we have
The proof is completed.
where 0 < q < 1 and r ≥ 1 be constants, then
, where [r + 2], [r + 3] are the q-analogues of r + 2 and r + 3.
where 0 < q < 1 and r ≥ 1 be constants, then we have Proof. By using (2.5) and (2.8), we have
A new quantum integral identity
In this section, we establish a new q-integral identity.
q f be continuous and integrable on I where 0 < q < 1. Then the following identity holds:
Proof. From Definition 2.1 and 2.2, we have
Applying this calculation and Definition 2.3, we have
Multiplying both sides by
, we complete the proof. 
Hermite-Hadamard inequalities for convex functions
In this section, we will give some estimates for the left-hand side of (4.1) through convex functions.
where
Proof. Using Lemma 4.1 and Hölder inequality, we have
Applying Lemma 3.2 and the convexity of a D 2 q f r , we have
It is easy to check that
The proof is completed. , and (5.1) reduces to the following inequality: 
Theorem 5.1 reduces to 
Proof. Using Lemma 4.1, Hölder inequality and the convexity of
Applying Lemma 3.3 and 3.6, we have
Remark 5.2. If q → 1, then we have
, and (5.2) reduces to the following inequality:
Theorem 5.2 reduces to
q f be continuous and integrable on I where 0 < q < 1.
3)
Applying Lemma 3.1 and the convexity of a D 2 q f r , we have
Remark 5.3. If q → 1, then we have
r dt =β(r + 2, r + 1), and (5.4) reduces to the following inequality:
Corollary 5.3. If r is a positive integer, then
4)
Proof. Using Lemma 4.1, Hölder inequality and the convexity of a D 2 q f r , we
Applying Lemma 3.2 and 3.4, we have
Using the properties of Beta function, that is, β(x, x) = 2 1−2x β( Γ(xy) , we obtain
, where Γ( 
Thus, inequality (5.4) reduces to the m = 1 case of inequality (1.2), due to the fact that 
and [p + 1] is the q-analogue of p + 1.
Applying (2.8) in Definition 2.6 and the convexity of a D 2 q f r , we have
, and (5.5) reduces to
Corollary 5.5. If r is a positive integer, r > 1, then 
and 
Applying Lemma 3.11 and (2.8) in Definition 2.6, we have
The proof is completed. 
we have 1 2
hence for r ∈ (1, ∞),
Then inequality (5.6) reduces to the m = 1 case of inequality (1.3).
Corollary 5.6. If p is a positive integer, p > 1, then
Theorem 5.6 reduces to 
. Applying Lemmas 3.9 and 3.10, we get (5.7). The proof is completed.
Remark 5.7. If q → 1, then (5.7) reduces to the following inequality:
24 . 
